The kinetic theory of particles with spin previously developed for a LoRENTzian gas is extended to the case of a pure gas. In part A the transport (BOLTZMANN) equation for the one particle distribution operator is stated and discussed (conservation laws, H-theorem). A magnetic field acting on the magnetic moment of the particles is incorporated throughout. In part B the pertaining linearized collision operator and certain bracket expressions linked with this operator are considered. Part C deals with the expansion of the distribution operator and of the linearized transport equation with respect to a complete set of composite irreducible tensors built from the components of particle velocity and spin. Thus, the distribution operator is replaced by a set of tensors depending only on time and space-coordinates. The physical meaning of these tensors (expansion coefficients) is invoked. They obey a set of coupled first-order differential equations (transport-relaxation equations) . The reciprocity relations for the relaxation matrices are stated. Finally a detailed discussion of angular momentum conservation is given.
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The transport equation for particles with spin, first derived by one of us 1 and again by SNIDER 2 , differs from the classical BOLTZMANN equation for the monatomic gas in two respects: (1) the classical one particle distribution function is replaced by a function dependent on the spin operator too or -what is the same -by a matrix with respect to spin indices; (2) the collision term contains the scattering amplitude and its adjoint in a bilinear way rather than simply a scattering cross section. The generalization of these methods to a pure gas has been overdue for long and will now be given in this paper and a subsequent one. The purpose is to find the relations between the transport coefficients fixed. Thus it is useful to compare the generalities of the present paper also with those of the classical models, e. g. with WALDMANN'S work 8 on the LoRENTzian gas of rotating molecules and with the paper by CONDIFF, LU, and DAHLER 9 on the pure gas of rough spheres.
A) Transport Equation for a Gas Consisting of Particles with Spin § 1. Basic notations. Transport equation
We describe a particle in the gas by its position vector X, its velocity V and its spin vector h S. Position and velocity are treated as classical variables, the spin is treated as a quantum mechanical operator. The three components of S can be represented in the usual way by (2 5+1) x (2 5+1) matrices where h 5 is the magnitude of the spin (intrinsic angular momentum). The Cartesian components of S obey the fundamental commutation relations 10 (JLI, v, A = 1, 2, 3) su Sv -s,-Su = i £,(«•;. s/. (1.1) and S-S = 5(5+1).
( 1.2)
The macroscopic state of the gas is described by the Hermitian one-particle distribution matrix with elements fMM '(t, X,V) where M, M' are spin indices, running from -5 to + 5. It is perhaps more appealing to write the distribution matrix in operator form indicating the dependence on S:
f(t, X, V, S).
(
1.3)
This distribution operator is a polynomial in the three components of the spin vector S. Its coefficients depend on t, X, V and are real. No powers in s« higher than 2 5 will occur due to (1.1) and (1.2).
The physical meaning of the distribution operator (1.3) may be inferred from the v. NEUMANN expectation value formula. Especially the local particle density n is given by n{t, X) = tr / f(t, X, V, S) d 3 u (1.4)
where "tr" means the trace to be taken on spin matrices. The local mean value of any operator 5F(X, V, 8) is given by
(1.5) (V) is real for any Hermitian ¥ as / is Hermitian. The density of the gas is assumed to be small enough such that two-particle collisions only must be taken into account (dilute gas). In a collision total energy and total momentum of the two particles are conserved, but the orientation of the spins may be changed: spin flip.
Denoting the velocities of two particles before and after a collision by 1)/, V2 and Vx, V2 we have the conservation laws
The center of mass velocity and the relative velocities are defined by vs= i (vt + v2) =vs',
(1.9)
Due to (1.7) one has g = gp, g' = ge\ (1.10)
where e, e' are unit vectors. Hence
VU2 = VS± IGE;
Vi,2 =vs± \ge'.
(1.11)
The relative kinetic energy is £12= \mX2g\ (1.12) where m12 = m/2 is the reduced mass of two particles with mass m. Assuming the precollisional state to be a plane wave incoming in <?' direction in the centre of mass system (where the scattering process is reduced to a one-body problem with the scatterer at the origin r = 0), one has as the asymptotic solution of the tion of observation and k -m12 g/h . The scattering amplitude a which has the dimension of a length, is a matrix with respect to spin indices operating on the spinors %x an d X2 colliding particles. Sj and S2 of course commute. Furthermore the scattering amplitude depends on the relative kinetic energy E12, although this is not indicated in the above notation.
Due to the unitarity of the 5-matrix the optical theorem for the scattering amplitude holds:
Ja (e, e'; s1,s2) (1.15)
In the presence of a magnetic field with magnitude H and direction h the spin vector S of a free particle will undergo a precessional motion about the unit vector h with the frequency
Herein, JLI denotes the magnitude of the magnetic moment which is assumed to be parallel to S. In this case one has £,/(»"«,)-D,<">/(!>"S,)
The commutator describes the free precession of the spin.
The right side of (1.14) is the collision term. The trace operator "tr2" operates on S2 only. Note that the total collision term contains a term quadratic in the scattering amplitude corresponding to "gain collisions" and a term linear in the forward scattering amplitude corresponding to "loss collisions". Hermiticity of / is conserved in time according to (1.14) .
If the particles have no spin -classical casea and / commute. We may apply the optical theorem and using the cross section o(e, e') = a f (e, e') a(e\ e) we obtain the classical BOLTZMANN equation
In all our considerations we shall use the same collision term in the case with magnetic field as without magnetic field. Thus the energy conservation will not hold exactly if there is a spin flip during a collision. This simplification does not introduce a great error because the magnetic energy is very small compared with the average kinetic energy at room temperature; it is entirely satisfactory for the discussion of the SENFTLEBEN effect, has however to be amended in the discussion of the BLOCH equation for spin resonance. § 2. Conservation equations First we note that the scattering operator a has to be invariant under changing the names of the particles 1,2 ->2,1, i. e.
a{e,e';Sy, So) =a ( -e, -e'^oiSi 
where a(0) stands for the forward scattering amplitude. Now if ^ is a spin-free function, it commutes with a and /. Furthermore, the trace of a product of matrices is invariant under a cyclic interchange of the factors. Hence, if is spin-free we can apply the optical theorem and obtain Here we shall use a matrix notation with respect to spin indices omitting the variable S. Similarly we omit the variables t and X. U(r) [more fully
shall be a unitary matrix with respect to spin indices depending on X, V as parameters,
The distribution matrix may be transformed according to
The direct product /12 = f1 f2 then transforms after
where U(Vx , V2) = U (Uj) U(V2 (3.4) [In order to give such a U explicitly we first would have to solve (1.14)].
The diagonal elements of the commutator on the left side of (3.3) vanish for a diagonal / and we get
i ml2 ]
Here we wrote A instead of Ä in order to indicate that we have used a special transformation.
We now apply the optical theorem which is invariant with respect to the above unitary transformation (s. n , p. 473). Using the cross section
we finally obtain
Mo MS Mi J J b) Entropy and H-theorem
For the local entropy density we make the ansatz
The change in time of s due to collisions is
On account of particle conservation the second term will vanish and we are left with
We change names of particles 1,2->-2,1 and obtain 
We now multiply equ. (3.8) by -k/2 and add this identity to equation (3.7), obtaining
But F and a are non-negative throughout and
x-1-ln:r>0 ( = 0) for positive x =4= 1 ( = 1).
Thus we see that the integrand of (3.9) is nonnegative und we have proved the H-theorem:
(3.10) c) Thermal equilibrium
The entropy of an isolated system increases until it reaches a maximum value: thermal equilibrium.
Then (ds/dt) con, equii. = 0 and this is true, if and only if
for all values of V1 'V2;V1V2; M1 M2 ; M2 which are allowed according to the conservation laws (have a o=#0).
Without a magnetic field the energy does not depend on the magnetic quantum number, thus
where F(v') can depend on conserved quantities only. In thermal equilibrium we have
(3.12)
&MM' •
Due to the factor 6MM' the spins are oriented isotropically in space. The normalisation constant in (3.12) has been chosen such that trf d 3 f / = n as trl=2S+l.
B) Linearized Collision Operator § 4. Linearization of the collision term
Returning to the general non-equilibrium case we make the ansatz for the distribution /0 is a standard equilibrium distribution with particle density n0 and temperature T0 . The pertaining mean velocity (v)0 has been taken equal to zero; this simply means a convenient choice of the reference system and doesn't involve a loss of generality. Since the magnetic energy coH h is very small compared with k T0 we use the same /0 for the case with magnetic field. 0 measures the deviation of / from this equilibrium state.
The mean value of an operator ^{V, S) in the equilibrium state is given by
Further, the obvious properties of /0 are stated
The second equality holds on account of the energy conservation.
The product of two one-particle functions occurring in the colilsion term of (1.14) reads
We assume that the deviation of the system from the standard equilibrium state /0 is small such that we can neglect the quadratic term <P2. In this approximation we obtain from (1.14) 
Hence co(<£) is Hermitian if <P itself is so:
(4.9) Again / will remain Hermitian if it is so at time / = 0. The mean value of a Hermitian 0 formed according to (1.5) will then be real at any time.
If 0 is a spin-free function the collision term can be simplified by using the optical theorem =///«(*«-*«') (4-10)
•iT2 [a{e,e'-,sx,s2) a f (e', ejs^s,)] gdV.
Due to the conservation laws one has In order to show that the collision bracket of a Hermitian operator W with itself is non-negative we only need the trivial symmetry (2.1) of the scattering operator with respect to interchange of names of particles and the optical theorem (1.13).
Using (1.13) and interchanging names of particles 1,2->-2,1 we obtain <y<ö(?P))0-|trltr2 f^/01/02^12 {-fl(e,e') SVat(e» J "0
Now we use the cyclic symmetry of trx tr2 applied to a product of operators:
(W a)(W) )0-^ trx tr2 f-L /01/02 {-wlta(e,e') yl2'aHe',e)+V12a(e,e')aHe',e) WX2 J n0 According to the first equality of (1.13) the last term is equal to trjtrg f-/oi/o2»(«',«) Yi* y12aHe,e') gdVdSdV, J n 0 As the integrand is non-negative one has the desired property This collision bracket is 0 if and only if A12 = A\2= 0 or W12a = a W12.
b) The corresponding collision operator
In order to investigate the consequence of exchanging two operators ( P, S 7 in the collision bracket we define a "corresponding" collision operator a) by 3 Note that d>=# co, in contrast to the monatomic gas.
c) Parity invariance
One says the parity is conserved during a collision if the scattering operator a is invariant in the following sense (P-invariant)
a(e, e'; sl5s2) =«(-e,-e'; sl5 s2). (5.6)
For any operator X F we define another operator p , the "mirrored" one, by
one says l I J has even ( + ) or odd ( -) parity.
Writing down the collision bracket (co(<2>) }0
explicitly, changing integration variables in the way v1,v2;v1 f ,v2'->* -vu -v2; -vi, -v2; e, e'-> -e, -e' and using the P-invariance of the scattering amplitude where F is any function of S.
In order to study the behaviour of the collision bracket under time reversal we write down { ( I> a){ x l')) according to (5.4), at the same time using (5.14) The collision operator (o is invariant with respect to a rotation of the coordinate system. Thus, the operator OJ will map a 0 which is an irreducible tensor of rank I into a tensor of the same kind. § 6. Symmetries of V-and S-brackets
In the part C we shal expand the linearized transport equation in a series of certain basic functions which are then eliminated. In this process the differential part D( ( P)1 leads to V-and S-brackets of the following type Changing the integration variable V to -V and using the definition (5.7) we see that
Thus the V-bracket will vanish for two operators !/ y , 0 with equal parity.
Using (5.13, 14), changing the variable V to -V and using the definition (5.11) we obtain
{¥\V\0)Q=-(&T\V\VT)O.
(6.5)
Furthermore according to (6.3) one can interchange and l Ff on the right hand side:
Thus the V-matrix element will vanish for two operators with equal behaviour under time reversal.
b) S-brackets
Due to the cyclic invariance of tr one has
If we change the integration variable V to -V and use definition (5.7), we see that As an orthogonal set in S-space we take the irreducible tensors which can be constructed from the (V 2 -i) Vu Vv Table. 1. Orthogonal system in V-space.
As the irreducible tensor of rank n > 2 5 vanishes for spin 5, retaining the first two (three) terms is exact for spin 5 = ^ (1).
We obtain the complete set of orthogonal functions by combining the irreducible tensors in V-and S-space. We will not handle the whole complete set but we shall truncate the pertaining infinite system by retaining only the first few members up to tensors of 2 ni1 rank and of 4 th power in V, S. Table 2 shows the first composite tensors. For the £-tensor see 10 .
In the columns P, T we note the parity and time reversal behaviour of the tensors (see 5.8; 5.12). 
Abbreviations: S0= J/S(S+1), Sr
The <5's are the usual KRONECKER symbols. The isotropic 4 th rank tensor Auv^'v' is given by Auv, Obviously one has:
Auv,n'v'-Au'v',fiv, Afiu,fi'v l== 0; Auvifiv^S. (/.9)
The spin traces which are needed for the calculation of the normalization constants, v-and .s-brackets, are given in the appendix.
In the following the functions of Table 2 will be used only up to total power 3 (with one exception). lalized system in V, a -space.
FS(S+1)-T, S2= F5(5+l) -2. § 8. Expansion of the distribution matrix. The meaning of the expansion coefficients
Now we expand the relative deviation 0 from the standard equilibrium state with respect to the complete set of orthonormalized tensors introduced in §7:
The expansion coefficients a <k) , b' k >, a^ ,bf\ ... are functions of t and X.
The meaning of the expansion coefficients will be seen if we multiply (8.1) by , !P<*>, . . . respectively, integrate over d 3 f and take the trace on spin indices. Using the mean value formula (1.5) and the orthonormality relations (7.5 -7.7) of the expansion tensors we see that
The coefficients may be interpreted in detail by using Table 2 
, we now list the V-brackets which may be non-zero from these general reasons.
This list has to be completed by the symmetry (6.3) valid for any two function 0 and W (no distinction had been made in § 6 between proper and pseudo quantities). The isotropic 4 th rank tensor A has been defined in (7.8). The new one G Ml' /. u V is an isotropic tensor of 5 th rank, namely
It has the properties:
We obtain the reduced brackets themselves by contracting and noting
This gives
Keeping in mind that
we may evaluate the reduced matrix elements by inserting the functions from Table 2 and performing the trace and the ^-integration. The results are incorporated in the expansion equations given in § 11.
c) Spin precession term With a homogeneous magnetic field the transport equation contains the term -i coH (h • S f -f h • S).
This term leads to the S-brackets defined by (6.2).
As shown in § 6, the S-brackets vanish for two tensors with different P-and ^-behaviour. Due to this fact and due to the isotropy of space only the following S-brackets occur:
The list has to be completed by the antisymmetry (6.7). The reduced s-brackets (P L i s PL' k) may befound by contraction (similar to the f-brackets).
d) Collision term
The collision operator to maps a tensor of given rank and parity into a tensor of the same rank and parity. Due to this fact and to the isotropy of space in general only the following non-zero collision brackets occur:
The reduced collision brackets (P li\co\P Lk) for whidi a second, simpler notation has been introduced, may be found by contraction:
These coefficients are termed relaxation coefficients of the system. By our expansion procedure the transport equation which is an integro-different equation for the distribution operator is reduced to a system of coupled linear differential equations for the expansion coefficients of the distribution operator. These 3a(0 3 6(0_ "37"
+ co + 2 a-nv = 0 Indicating the T-behaviour of the expansion tensors explicitly the general non-zero relaxation coefficient reads (P L T k j co | P L T' k'). According to (5.16) one has
(10.1)
This is the general ONSAGER-CASIMIR relation. As has been shown in § 5, it follows from the microreversibility of the binary collision.
Thus according to Table 2 we have the following symmetries of the first few relaxation coefficients: 
i §11. Explicit truncated form of the transportrelaxation-equations
We now truncate the infinite system of linear differential equations for the expansion coefficients which is equivalent to the linearized BOLTZMANN equation. We retain only those coefficients pertaining to the expansion tensors up to "total power" 3 and 2 nd rank of Table 2 . But in addition to this, one coefficient pertaining to "total power" 4 has been incorporated (namely a 0) ) ; it will be needed in the discussion. After evaluating the required v-and s-brackets and using (10.7), one obtains the following finite system of transport-relaxation-equations [see (8.3) In order to find these additional terms, we proceed as follows. The distribution function /Oco of a gas in equilibrium (ß0 = l/kT0) rotating with angular velocity to as a rigid body is proportional to exp -ß0[% mv 2 -{l + hs). to], where V is the particle velocity in the lab-system, l = xxp the orbital and h S the intrinsic angular momentum of a particle. With the abbreviation Vw = to X X(X = 0 is a point on the axis of rotation), this distribution function reads:
. explygpfefa)-«} (12.4) tr exp{ß0 hws}
N is the total number of particles. We assume OJ to be small, then it is sufficient to retain terms linear in to . Thus exp{^0feto-s} As l0 in practice is even smaller than the atomic diameter, the number in the bracket denotes the number of particles in a volume smaller than an atomic volume. This number is very small and the influence of the rotational viscosity in the momentum equation is entirely negligible as had, so to say, been anticipated by equation (11.3). -
The shear viscosity i] and the heat conductivity / may be inferred from (11.3) and (11.5) as functions of certain relaxation coefficients
• This, however -including the effect of an external magnetic field on the heat conductivity and the viscosity: SENFTLEBEN effect -will be discussed in detail in a subsequent paper.
Appendix: Some spin traces
For the CARTESIAN components of the spin vector s holds [ (50 2 +1) (dfiv bp's + duv' dyfi') + (50 2 -2) dun' . sions.
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